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Abstract 

This paper addresses the problem of existence of generalized Landsberg structures on 
surfaces using the Cartan-Kahler Theorem and a Path Geometry approach. 
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1 Introduction 



A Finsler norm, or metric, on a real smooth, n-dimensional manifold M is a function F : 
TM — > [0,oo) that is positive and smooth on TM = TM\{0}, has the homogeneity property 
F(x,Xv) = XF(x,v), for all A > and all v G T X M, having also the strong convexity property 
that the Hessian matrix 

_ 1 d 2 F 2 

9ij ~ 2 djfdy* 
is positive definite at any point u = G TM. 

The fundamental function F of a Finsler structure (M, F) determines and it is determined by 
the (tangent) indicatrix, or the total space of the unit tangent bundle of F 

E F := {u G TM : F(u) = 1} 

which is a smooth hypersurface of TM. 

At each x G M we also have the indicatrix at x 

X* := {v G T^M I u) = 1} = E F n T X M 

which is a smooth, closed, strictly convex hypersurface in T X M. 

A Finsler structure (M, F) can be therefore regarded as smooth hypersurface E C TM for which 
the canonical projection tt : E — > M is a surjective submersion and having the property that 
for each x G M, the 7r-fiber E x = 7r -1 (x) is strictly convex including the origin O x G T X M. We 
point out that the strong convexity condition of F implies that the fiber E x is strictly convex, 
but the converse is not true (see [BCS200Q] for details on this point and a counterexample). 
A generalization of this notion is the generalized Finsler structure introduced by R. Bryant. In 
the two dimensional case a generalized Finsler structure is a coframing lo = (co 1 , co 2 , w 3 ) on a 
three dimensional manifold E that satisfies some given structure equations (see [Brl996j). By 
extension, one can study the generalized Finsler structure (E,cj) defined in this way ignoring 
even the existence of the underlying surface M. It was pointed out by C. Robles that in the 
case n > 2, there will be no such globally defined coframing on the 2n — 1-dimensional manifold 
E. The reason is that even though the orthonormal frame bundle J- over M does admit a global 
coframing, it is a peculiarity of the n = 2 dimensional case that T can be identified with S (see 
also [BCS2000J, p. 92-93 for concrete computations). 

A generalized Finsler structure is amenable if the space of leaves M of the foliation {u 1 = 
0, lo 2 = 0} is differentiable manifold such that the canonical projection tt : S — > M is a smooth 
submersion. 

In order to study the differential geometry of the Finsler structure (M, F) , one needs to construct 
the pull-back bundle (tt*TM, 7r, X) with the 7r-fibers 7r -1 (-u) diffeomorphic to T X M, where u = 
(x,v) G S (see [BCS2000J). In general this is not a principal bundle. 

By defining an orthonormal moving coframing on n*TM with respect to the Riemannian metric 
on E induced by the Finslerian metric F, the moving equations on this frame lead to the so- 
called Chern connection. This is an almost metric compatible, torsion free connection of the 
vector bundle (tt*TM, tt, E). 

The canonical parallel transport $t : T X M \ — > T a u\M \ 0, defined by the Chern connection 
along a curve a on M, is a diffeomorphism that preserves the Finslerian length of vectors. Unlike 
the parallel transport on a Riemannian manifold, &t is not a linear isometry in general. 
This unexpected fact leads to some classes of special Finsler metrics. A Finsler metric whose 
parallel transport is a linear isometry is called a Berwald metric, and one whose parallel 
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transport is only a Riemannian isometry is called a Landsberg metric (sec [B2007] for a very 
good exposition). 

Equivalently, a Berwald metric is a Finsler metric whose Chern connection coincides with the 
Levi Civita connection of a certain Riemannian metric on M, in other words it is "Riemannian- 
metrizable". These are the closest Finslerian metric to the Riemannian ones. The connection 
is Riemannian, while the metric is not. However, in the two dimensional case, any Berwald 
structure is Riemannian or flat locally Minkowski, i.e. there are no geometrically interesting 
Berwald surfaces. 

Landsberg structures have the property that the Riemannian volume of the Finslerian unit ball 
is a constant. This remarkable property leads to a proof of Gauss-Bonnet theorem on surfaces 
[BCS2000J and other interesting results. Obviously, any Berwald structure is a Landsberg 
one. However, there are no examples of global Landsberg structures that are not Berwald. This 
is one of the main open problems in modern Finsler geometry. 

Problem. Do there exist Landsberg structures that are not Berwald? 

The long time search for this kind of metric structures with beautiful properties, which 
everybody wanted to see but no one could actually get, makes D. Bao to call these metrics 
"unicorns" . 

On the other hand, on several occasions since 2002, R. Bryant claimed that there is plenty 
of generalized Landsberg structures on manifolds that are not Berwald. Moreover, he said that 
there are a lot of such generalized metrics depending on two families of two variables (see JB2007], 
p. 46-47). 

Even though from the first prophecy on the existence of generalized unicorns several years 
already passed, as far as we know, there is no proof or paper to confirm and develop further 
Bryant's affirmations. 

The purpose of this paper is two folded. First, we give a proof of the existence of generalized 
Landsberg structures on surfaces, which are not generalized Berwald structures and discuss their 
local amenability. 
Namely, we prove the following 
Corollary 4.3. 

There exist non-trivial generalized Landsberg structures on a 3-manifold S. 

Secondly, using a path geometry approach we construct locally a generalized Landsberg 
structure by means of a Riemannian metric g on the manifold of iV-parallels A (see [Brl996j 
for a similar study of existence of generalized Finsler structures with K = 1). In the case when 
such Riemannian metric has its Levi-Civita connection V 5 in a Zoll projective class [V] on S 2 
it follows this generalized unicorn is in fact a classical one. We conjecture that this is always 
possible. 

In this way, even though we haven't explicitly computed yet the fundamental function F : TM —> 
[0, oo) of this Landsberg metric, our study gives an affirmative answer to the Problem posed 
above in the two dimensional case (see also |Sz2008a| , |M2008j , |Sz2008b] for discussions on the 
existence of smooth unicorns in arbitrary dimension). Of course a proof for our conjecture in 
Section 9 remains to be given. 

Our method is based on an upstairs - downstairs gymnastics by moving between the base 
manifold and the total space of a fiber bundle. 

We give here the outline of our method in order to help the reader finding his way through the 
paper. 

We start by assuming the existence of a generalized Landsberg structure {lo 1 ,co 2 ,uj 3 } on a 3- 
manifold £ and we perform first a coframe change (|6.ip by means of a function m on £ such 
that the new coframe {9 ,6 ,6 s } has the properties: 
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1. it satisfies the structure equations f|6. 3|) : 

2. its "geodesic foliation" {9 1 = 0, # 3 = 0} coincides with the "indicatrix foliation" {uj 1 = 
0,u 2 = 0} of the generalized Landsberg structure (£,cc>). 

Assuming these two conditions for (£, 9) we obtain a set of differential conditions for the func- 
tion m in terms of its directional derivatives with respect to the coframe u given in Proposition 
6.1, or, equivalently, in Proposition 6.2 if we start conversely. 
Based on these, one can remark the following: 

1. the function m is invariant along the leaves of the foliation {uj 2 = 0,w 3 = 0}, therefore, 
if we assume that (£, is normal amenable, i.e. the leaf space of {uj 2 = 0,w 3 = 0} is a 
2-dimensional differentiable manifold A, and the quotient projection v : £ — > A is a smooth 
submersion, then m actually lives "downstairs" on this manifold rather than "upstairs" 
on £ as initially expected; 

2. If we realize {9 1 , 9 2 , 9 3 } as the canonical coframe of a Riemannian metric g on A, then the 
function k in (|6.3p is the lift of the Gauss curvature of the Riemannian metric g, hence 
the name "curvature condition" for (|7.4[) is motivated; 

3. since we have constructed from the beginning the coframe 9 on E such that its geodesic 
foliation will generate the indicatrix leafs on E, if we could choose a Riemannian metric 
g "downstairs" on A all of whose geodesies are embedded circles, then the amenability of 
(Ti,u) would be guaranteed. It is known that this kind of Riemannian metric exists and 
they are usually called Zoll metrics (see }B1978j . [G19 76J). A more general concept is the 
Zoll projective structure [V] on A (see §3.2 as well as [LM2002]). These are projective 
equivalence classes of torsion free affine connections on A whose geodesies are embedded 
circles in A. Moreover, under some very reasonable conditions they are metrizable by 
Riemannian metrics whose Levi-Civita connections V s belong to the initial Zoll projective 
structure [V]. 

All these imply that if we start "downstairs" with a Riemannian metric g = u 2 [{dz 1 ) 2 + (dz 2 ) 2 ] 
on A, for some isothermal coordinates (z l ,z 2 ) G A, where u is a smooth function on A, then 
we can construct the g-orthonormal oriented frame bundle ^(A) with its canonical coframe, say 
{a 1 , a 2 , a 3 }. 

On the other hand, we set up a second order PDE system on A for the functions u, fh such 
that the lift fh = is*(fh) satisfies the conditions of Proposition 6.2. The Cartan-Kahler theorem 
tells us that such pairs of functions (u, fh) exist and they depend on 4 functions of 1 variable 
(Proposition 8.1). Then, by the coframe changing (|8.2p we obtain a new coframe uj on the 3- 
manifold E := ^(A) which will satisfy the structure equations (|2.2p of a generalized Landsberg 
structure. The isothermal coordinates (z l ,z 2 ) on A and a homogeneous coordinate in the fiber 
of v : J-(h) — > A over a point z £ A will give a local form (|8.9p . 
The following diagram shows our upstairs- downstairs gymnastics. 

Upstairs (E,w) ^> (£,0) = (^"(A),a) % E := (T(A),u) 

s* I v* t 

Downstairs (A, g) = (A, g) 

We use extensively the Cartan-Kahler theory in this paper in order to study the existence of 
integral manifolds of linear Pfaffian systems associated to PDE's upstairs as well as downstairs. 
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The nontriviality of our generalized Landsberg structures can be achieved by choosing appro- 
priate initial conditions for the integral submanifolds. 

The theory of exterior differential systems is one of the strongest tools to study geometric struc- 
tures. E. Cartan and other mathematicians reformulated various type of geometric structures 
by the exterior differential systems' terminology. However, very few essentially new results were 
obtained except for the work of R. Bryant, and few others (see |Br et al 1991] . [IL2003] and the 
references in these two fundamental books). 

In the present paper, the Cartan-Kahler theorem is essentially used to find the new geometric 
structures, namely generalized Landsberg structures. This shows the usefulness and applicabil- 
ity of the theory of exterior differential systems. 

For the concrete computations regarding Cartan-Kahler Theorem we have used the MAPLE 



package Cartan found in the Jeanne Clelland's home page (http://math.colorado.edu/~jnc/). 
We have found it extremely useful for checking this kind of computations. 



Here is the structure of our paper. After a short survey of some basic notions of Finsler 
surfaces and generalized Finsler structures on surfaces in Section 2, we construct the linear Pfaf- 
fian exterior differential system in Section 3 whose integral manifolds are the sought structures. 
Using it we prove a local existence theorem for generalized Landsberg structures on surfaces 
that are not of Berwald type using the Cartan-Kahler theorem for linear Pfaffian systems in 
Section 4. Firstly, we assume the existence of generalized Landsberg structures on surfaces and 
build a linear Pfaffian system whose integral manifolds consist of the scalar invariants I and K 
of the generalized Landsberg structure considered. Then Cartan-Kahler theorem tells us also 
that this kind of generalized structures depend on two arbitrary functions of two variables on £ 
(§4.1, §4.2). This proves Bryant's affirmations. 

However, this discussion holds good under the assumption that generalized Landsberg struc- 
tures exist. We will show here more, namely, we will study the involutivity of a Pfaffian system 
on £ whose integral manifolds consist of the coframe u satisfying the structure equations (|2.2|) 
together with the scalar invariants /, K satisfying the Bianchi identities (|2.3p . This Pfaffian 
system is not a linear one, so we needed to prolong, but finally, Cartan-Kahler theorem tells us 
that these structures depend on 3 functions of 3 variables (§4.3). The degree of freedom is in 
this case higher than before, including the findings in §4.1, §4.2 as partial results. 
We discuss the local amenability of these structures in Section 5. 

Since the Cartan-Kahler theory is not very popular amongst the Finsler geometers, we introduce 
the basic notions and results in an Appendix. For the same reason, at the first use of the Cartan- 
Kahler theorem for linear Pfaffian systems, we present the computations in detail. Later uses 
of the theorem in §4.3 and §8.2 show only the main formulas leaving the heavy computations to 
be verified by the reader. 

In order to obtain an amenable Landsberg structure on a 3-manifold £ we have considered in 
Section 6 a special coframe changing on £ constructed such that the indicatrix foliation of the 
initial Landsberg structure to coincide to the geodesic foliation of the new constructed struc- 
ture. Moreover, this new coframe is realizable as the canonical coframe on the orthogonal frame 
bundle of a Riemannian surface (Section 7). 

Keeping all these in mind, by inverting the procedure in Section 7 we have constructed in Section 
8 a generalized Landsberg structure, on the total space ^(A) of the orthonormal frame bundle 
of a Riemannian surface (A, g), in terms of a smooth function fh on A. The Landsberg structure 
is not a Berwald one if fh is not constant. 

Finally, in Section 9, we discuss a possible way to show the existence of classical two dimen- 
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sional unicorns. This problem is equivalent to the problem of finding a Riemannian metric g 
that metrizes a Zoll projective class on S 2 and satisfies in the same time the PDE system (|8.6I) . 
(|8.7p . We conjecture that this is always possible. 

Then, by construction the geodesic foliation {a 1 = 0, a 3 = 0} of g will foliate the 3-manifold 
J-"(A) by circles and the geodesic leaf space, say M, of the geodesic foliation naturally becomes 
a differentiable manifold and the leaf quotient mapping ir : ^(A) — > M becomes a smooth sub- 
mersion. In other words, we obtain a double fibration (see §3.1 and §3.2). 

Therefore, by our procedure it follows that this generalized Landsberg structure is amenable 
and its fibers tt^ 1 (x) are compact, where tt : J- (A) — > M, x E M. 

A simple argument will show that this generalized Landsberg structure is actually a classical 
Landsberg structure on the 2-manifold M, provided our conjecture is true. 

Acknowledgments. The authors would like to express their gratitude to Vladimir 
Matveev who pointed out an error in a previous version of the paper. We also thank to David 
Bao, Gheorghe Pitis and Colleen Robles for many useful discussions. We are also indebted to 
Keizo Yamaguchi for his valuable advises. Finally, we are grateful to the referee who pointed out 
the importance of the amenability of the generalized Landsberg structure and for many other 
helpful suggestions. 

2 Riemann— Finsler surfaces 

We are going to restrict ourselves for the rest of the paper to the two dimensional case. To 
be more precise, our manifold £ will be always 3-dimensional, and the manifold M will be 2- 
dimensional, in the case it exists. 

Definition 2.1. A 3-dimensional manifold £ endowed with a coframing u = (or, uj 2 , uj 3 ) which 
satisfies the structure equations 



will be therefore called a generalized Finsler surface, where /, J, K are smooth functions on S, 
called the invariants of the generalized Finsler structure (£,w) (see |Brl9 96j for details). 
As long as we work only with generalized Finsler surfaces, it might be possible that this general- 
ized structure is not realizable as a classical Finslerian structure on a surface M. This imposes 
the following definition [Brl996]. 

Definition 2.2. A generalized Finsler surface (M, uj) is said to be amenable if the leaf space A4 
of the codimension 2 foliation defined by the equations o; 1 = 0, w 2 = 0isa smooth surface such 
that the natural projection tt : £ — > Ad is a smooth submersion. 

As R. Bryant emphasizes in [Brl996j the difference between a classical Finsler structure and a 
generalized one is global in nature, in the sense that every generalized Finsler surface structure 
is locally diffeomorphic to a classical Finsler surface structure. 
The following fundamental result can be also found in [Brl996j 

Theorem 2.1. The necessary and sufficient condition for a generalized Finsler surface (T,,uj) 
to be realizable as a classical Finsler structure on a surface are 

1. the leaves of the foliation {uj 1 = 0, ui 2 = 0} are compact; 

2. it is amenable, i.e. the space of leaves of the foliation {uj 1 =0, uj 2 = 0} is a differentiable 
manifold M; 



(2.1) 



duo 1 
duj 2 
duj 3 



-Iuj 1 A uj 3 + uj 2 A uj 3 
-uj 1 A a; 3 

Kuj 1 Auj 2 - Juj 1 A w 3 
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3. the canonical immersion l : S — > TM, given by i(u) = 7r* iU (e2), is one-to-one on each 
7r -fiber T, x , 

where we denote by (ei, 62,63) the dual frame of the coframing (w 1 , lo 2 , lo 3 ) . 
In the same source it is pointed out that if for example the {w 1 =0, co 2 = 0} leaves are not 
compact, or even in the case they are, if they are ramified, or if the curves T, x winds around 
origin in T X M, in any of these cases, the generalized Finsler surface structure is not realizable 
as a classical Finsler surface. 

An illustrative example found in |Brl996] is the case of an amenable generalized Finsler surface 
such that the invariant / is constant, however / is not zero. This kind of generalized structure 
is not realizable as a Finsler surface because 1^0 means that the leaves of the foliation 
{u 1 = 0, uj 2 = 0} are not compact. Indeed, in the case I 2 < 4, the 7r-fibers S x are logarithmic 
spirals in T X M. 

Let us return to the general theory of generalized Finsler structures on surfaces. By taking 
the exterior derivative of the structure equations ()2.ip one obtains the Bianchi equations of the 
Finsler structure: 

J = h 

K 3 + KI + J 2 = 0, 

where we denote by Ii the directional derivatives with respect to the coframing cj, i.e. 

df = frco 1 + f 2 u? + / 3 o; 3 , 

for any smooth function / on E. 

Taking now one more exterior derivative of the last formula written above, one obtains the Ricci 
identities with respect to the generalized Finsler structure 

/21 - fi2 = ~Kf 3 

/32 — /23 = —fl 

hi - hs = ih + h + Jh- 

Remarks. 

1. Remark first that the structure equations of a Riemannian surface are obtained from (|2 . 1 1) 
by putting I = J = 0. 

2. Since J = I2, one can easily see that the necessary and sufficient condition for a generalized 
Finsler structure to be non-Riemannian is / 7^ 0. 

Definition 2.3. A generalized Landsberg structure on S is a generalized Finsler structure 
(M,lo) such that J = 0, or equivalently, I2 = 0. 

Remark that such a generalized structure is characterized by the structure equations 

duj 1 = -Ioj 1 A w 3 + uj 2 A lo 3 
(2.2) du? = -uj 1 A uj 3 



and Bianchi identities 
(2.3) 



du 3 = Ku 1 A uj 2 , 



dl = hu 1 + I 3 u) 3 

dK = Ktuj 1 + K 2 uj 2 - KIlj 3 , 
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where oj = (u: 1 , co 2 , w 3 ) is a coframing on a certain 3-dimensional manifold E, and I and K are 
smooth functions defined on E. We will see that we actually need more, so we assume that the 
functions I and K are analytic on E. 

It is also useful to have the Ricci identities [BCS2000J for the invariants I and K. Indeed, taking 
first into account that 

K 31 = -I 1 K-IK l , K 32 = -IK 2 , K 33 = K{I 2 -J 3 ), 

we obtain 

J12 = KI 3 , K 2 i - K 12 = IK 2 

h2 = -h, K 23 = K X -IK 2 

I 31 -h 3 =Ih, K 13 = -(2K 1 I + KI 1 +K 2 ). 

We are interested in studying the existence of non-trivial generalized Landsberg structures on 
E, i.e. generalized Landsberg structures that are not of Berwald type. 
Recall the following definition. 

Definition 2.4. A generalized Berwald structure is a generalized Finsler structure 
characterized by the structure equations (j2.2|) . and 

dl = mod uj 3 , 

or, equivalently, 

h = I 2 = 0, I 3 + 0. 

The reason we called Berwald structures (generalized or not) on surfaces trivial is given in the 
following rigidity theorem. 

Theorem 2.2. Rigidity theorem for Berwald surfaces [Szl981j 
Let (M, F) be a connected Berwald surface for which the Finsler structure F is smooth and 
strongly convex on all ofTM. 

1. If K = 0, then F is locally Minkowski everywhere. 

2. If K ^ 0, then F is Riemannian everywhere. 

In other words, the only possible Berwald structures are either the flat locally Minkowski 
ones, or the Riemannian ones. Therefore the term non-trivial in the present paper addresses 
a Landsberg structure that is not locally Minkowski, nor Riemannian. Both of these are well 
studied trivial examples of Landsberg surfaces. 
Remark. 

It is interesting to remark that I\ = is not the only condition that makes a Lansdsberg to 
become a Berwald one. 

Indeed, using the structure and the Ricci equations one can easily see that if for a Lands- 
berg structure on a surface at least one of the following relation is satisfied 

7 3 = 0, K 2 = 0, 

then that structure must be a Berwald one. 
Remark also that the condition 

K l = 

does not necessarily imply triviality. In fact, all the generalized Landsberg structures in this 
paper satisfy this condition. 
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3 Path Geometries 



3.1 Path geometries of a generalized Landsberg structure 

Recall from [Brl997] that a (classical) path geometry on a surface M is a foliation V of the 
projective tangent bundle P(TM) by contact curves, each of which is transverse to the fibers of 
the canonical projection tt : P(TM) — > M. 

Namely, let 7 : (a, b) — > M be a smooth, immersed curve, and let us denote by 7 : (a, b) — > P(TM) 
its canonical lift to the projective tangent bundle tt : P(TM) — > M. Then, the fact that the 
canonical projection tt is a submersion implies that, for each line L G P(TM), the linear map 

7r*, L : T L P(TM) T X M, 

is surjective, where 7r(L) = x € M. Therefore 

£ L := M _1 WC^(™) 

is a 2-plane in TlF(TM) that defines a contact distribution and therefore a contact structure 
on P(TM). 

A curve on P(TM) is called contact curve if it is tangent to the contact distribution E. Never- 
theless, the canonical lift 7 to P(TM) of a curve 7 on M is a contact curve. 
A local path geometry on M is a foliation P of an open subset U C ¥(TM) by contact curves, 
each of which is transverse to the fibers of tt : P(TM) — > M. 

In the case there is a surface A and a submersion I : P(TM) — > A whose fibers are the leaves of 
V, then the path geometry will be called amenable. 

More generally, a generalized path geometry on a 3-manifold £ is a pair of transverse codimension 
2 foliations (V, Q) with the property that the (unique) 2-plane field D that is tangent to both 
foliations defines a contact structure on S. 

In the case when there is a surface A-p and a submersion l-p : P(TM) — > A-p whose fibers are the 
leaves of the foliation V, then the generalized path geometry (V, Q) will be called V-amenable. 
A Q- amenable generalized path geometry (V, Q) is defined in a similar way. 
One can easily see that a classical path geometry on S = P(TM) is a special case of generalized 
path geometry where the second foliation Q is taken to be the fibers of the canonical projection 
tt : P(TM) -> M. 

In the case of a Landsberg structure on a 3-manifold S, we can define two kinds of generalized 
path geometries. 
We can consider 

1. V := {uj 1 = 0,w 3 = 0} the "geodesic" foliation of S, i.e. the leaves are curves on £ tangent 
to e 2 ; 

2. Q := {w 1 = 0,td 2 = 0} the "indicatrix" foliation of E, i.e. the leaves are curves on E 
tangent to £3; 

3. 1Z := {uj 2 = 0, = 0} the "normal" foliation of E, i.e. the leaves are curves on E tangent 
to e\. 

We can consider now the generalized path geometries 

Qi = (V, Q), G 2 = (K, Q). 
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Remark that on the case of Q±, the 2-plane field D\ =< £2,^3 > defines indeed a contact 
structure on E. To verify this we need a contact 1-form 77 on S such that D\ = kern. By 
definition it follows that rj has to be 

7] = Alo 1 

and we have 

rj A dry = A 2 ^ 1 Aw 2 A w 3 . 

Therefore 77 is a contact form on X if and only if A ^ 0, so £/i is a well defined path geometry 
on S. 

We can do the same discussion for Q2, where the 2-plane field is D2 =< ei, £3 >. As above, we 
look for 77 such that D2 = ker 77, so we must have 

77 = Au 2 , 

and a simple computation shows that again 

rj Adr/ = A 2 lo x A u 2 A w 3 . 

Therefore, again 7/ is a contact form on £ if and only if A ^ 0, and again C/2 is a well defined 
path geometry on S. 

Recall also from the same [Brl997j that every generalized path geometry is always identifiable 
with a local path geometry on a surface. Indeed, for a u € S, let U C S be an open neighborhood 
of -u on which the foliation Q is locally amenable, i.e. there exist a smooth surface M and a 
smooth surjective submersion ir : U — » M such that the fibers of 7r are the leaves of Q restricted 
to U. Remark that this is always possible (for example due to Frobenius theorem) and that M 
and 7r are uniquely determined by U up to a diffeomorphism. 

A natural smooth map y:(/cS-> P(TM), which makes the following diagram commutative, 

v 

U C £ — ► F(TM) 

IT I / 

M 

can be defined as follows 

v(u) = n* jU (T u V), 

for any u £ U. This application is well defined because tt^^ u {T u V) is a 1-dimensional subspace 
of T % r u -\M, and therefore an element of P(T 7r ( u )M). 
For the generalized path geometry Q\ = (V, Q) we put 

!/i:[/cS^P(T¥), ^(u) = 7i* >u (e 2 ), 

and for the generalized path geometry Q2 = (JZ, Q) we put 

V2 : U C S -> P(TM), r/ 2 («) = 7T* )M (ei). 

Remark that because the foliations V, Q and 1Z are all transverse to each other, it follows 
again that / k*, u {T u 'P) and n* jU (T u 7Z) are 1-dimensional subspaces in T^uaM, i.e. v\, V2 are 
immersions and therefore local diffeomorphisms. 
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3.2 Zoll projective structures 

A classical example of a path geometry on a 3-manifold is the path geometry of a Riemannian 
metrizable Zoll projective structure. This is not only an example of path geometry, but it will 
be very useful in the construction of a non-trivial Landsberg structure. 

Recall that a Riemannian metric g on a smooth manifold A is called a Zoll metric if all its 
geodesies are simple closed curves of equal length. See [B1978] for basics of Zoll metrics as well 
as [G1976| for the abundance of Zoll metrics on S 2 . 

We will use in the present paper a more general notion, namely Zoll projective structures. Our 
exposition follows closely [LM2002 . 

Definition 3.1. If V is a torsion free afflne connection on a smooth manifold A, then the 
projective class [V] of V is called a Zoll projective structure if the image of any maximal geodesic 
of V is an embedded circle S 1 C A. 

Given a Zoll projective structure [V] on A, the canonical lift of its geodesies will provide the 
geodesic foliation V on the projectivized tangent bundle P(TA) which foliates P(TA) by circles. 
Let M be the leaf space of the geodesic foliation V of a Zoll projective structure. 
It can be shown that any Zoll projective structure [V] on a compact orientable surface A is tame, 
namely each leaf of its geodesic foliation on P(TA) has a neighborhood which is diffeomorphic 
to M 2 x S , such that each leaf corresponds to a circle of the form {u} x S 1 , for any u € P(TA). 
This implies further that the leaf space M of a Zoll projective structure [V] on a compact 
orientable surface A has a canonical structure of differentiable manifold such that the quotient 
map 7T : P(TA) — > M becomes a submersion. We obtain therefore the following double fibration 
of a Zoll projective structure. 

P(TA) 
A M 



Let us assume from now A = S 2 . It is natural to ask when a given Zoll projective structure [V] 
on S 2 can be represented by the Levi-Civita connection of a Riemannian metric g on A = S 2 . 
The answer is given in Theorem 4.8. of I.M2U02 , p. 512. We are not going to state or to 
prove this theorem here because it will take too much space to define all the notions that are 
involved. Instead, we are going to describe the construction of the Riemannian metric g that 
represents a Zoll projective structure, in the case such a metric exists. It is clear from [LM2002J 
that the set of Riemannian metrizable Zoll projective structures is not empty, so we can assume 
the existence of Riemannian metrizable Zoll projective structures [V] on S 2 . 
Let us consider the isothermal local coordinates (z l ,z 2 ) on S 2 induced from the Zoll projective 
structure (the concrete construction can be found in [LM2002], p. 513), and let 



g = u 2 



(dz 1 ) 2 + (dz 2 ) 2 , 

be the metric on S 2 in these coordinates, where u is a smooth function. If one puts 

7 = d\og u, 

then the Levi-Civita connection V 5 of the Riemannian metric g belongs to the Zoll projective 
structure [V] if 

(3-1) r^ = 7^+ 7 4-7^, 
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where 7 = jidz 1 + 72(fa 2 , and rl, are the Christoffel symbols of the Zoll projective structures 
[V],i.e. 



for a connection V in the Zoll projective structure [V], and 7 J = g Jl/ ji 
It follows that for a given Zoll projective structure [V] we obtain 



(3.2) n = l(r}i + rl), 



1,2. 



If we denote by R the Gauss curvature of g, then taking into account that ji = \^k-, it follows 
(3.3) R = -^div 7 , 

where we put div7 = |jr + 

If we denote by {a 1 , a 2 , a 3 } the canonical coframe on the bundle of g-orthonormal frames on 
A then Q = (V, Q) is a path geometry on P(TA), where V := {a 1 = 0, a 2 = 0} is the geodesic 
foliation of g and Q := {a 1 = 0, a 3 = 0}. 



4 The Cartan— Kahler theory 

4.1 A linear Pfaffian system on generalized Landsberg surfaces 

This section and the following one are motivated by Bryant's prophecy on the existence of 
generalized unicorns that we mentioned already in Introduction. Since the Finsler geometry 
community is familiarized with his statements, we will give here our interpretation of it. We 
point out however, that the discussion following hereafter does not imply the existence of non- 
trivial generalized unicorns. This will be shown only in section 4.3 in a different setting. 
In order to make use of the Cartan-Kahler theory, we are going to construct an exterior differ- 
ential system associated to the coframe (cj 1 , lo 2 , lo 3 ) that satisfies (|2.2p . (|2.3p . 
In this section we assume the existence of three linear independent one forms (u , uj 2 ,lu 3 ) on 
the 9-dimensional manifold S = S x R 2 x M 4 that satisfy the structure equations (j2.2|) . where 
we consider the free coordinates (J, K) E M 2 , and (Ji, -Z3, K\,K%) € M 4 , and study the degree of 
freedom of the scalar functions I and K. 
First, we consider the following 1-forms 

9 1 : = dl- hoj 1 - I 3 cj 3 

(4 1) 

9 2 : = dK - Kiuj 1 - K 2 uj 2 + KIu 3 , 

and let us denote by I the differential ideal generated by {6 1 , 9 2 }. We also denote 

Q := uj 1 A u 2 A u 3 , 

J:= {0 a ,oj% 
/:= {9 a }, 

where 0=1,2, i=l,2,3. 

We will use the same letter / for the invariant of a (generalized) Finsler structure as well as for 

the set of 1-forms 8 l ,6 2 . We hope that this will not lead to any confusion. 

In order to use the Cartan-Kahler theory we are going to consider the pair (/, J) as an EDS 



12 



Aw 1 



with independence condition on a certain manifold S to be determined later. We consider dl 
and dK as linearly independent 1-forms on the manifold S. 
By exterior differentiation of {6 l ,9 2 } we obtain 

c^ 1 = -dh Aw 1 - d/ 3 Aw 3 - Aw 2 - Aw 2 A w 3 + iTiw 1 A w 3 

dfl 2 = -d/f! Aw 1 - dK 2 A w 2 + IK 2 ^ 1 A w 2 + (7K 2 - i^i)^ 2 A w 3 
+ (21 Kx + Ji-ftT + K 2 V 1 A w 3 + K6 1 A w 3 + /# 2 A w 3 . 
Let us remark that the above formulas can be rewritten as 

dO 1 = {-dh + I 3 Klo 2 - Ihu 3 ) A w 1 + {-dh ~ h^ 2 ) A w 3 mod {/} 
dd 2 = \-dKi - IK 2 lo 2 - (21K X + hK + K 2 )lo z 

+ \-dK 2 - (IK 2 - Ki)w 3 j A w 2 mod {/}. 

It follows that we can write 

d9 a = Trf Aw' mod {/}, 

where a=l,2, i=l,2,3. 

The 1-forms matrix (irf) has the following non- vanishing entries: 

vr 1 = -dh + / 3 Kw 2 - Ihu\ 

7To = — (f/3 — IlW 2 , 

(4 2) 

vr 2 = -dKi - IK 2 uj 2 - (2/Ki + /iK + if 2 )w 3 
tt 2 = -dK 2 - {IK 2 - K^uj 3 . 

By putting now 

tt x :=tt\, tt 2 :=tt\, 

V ' ^3 . ^2 4 . 2 

TT : =7ri) 7f . = , 

we obtain that (I, J) is a linear Pfaffian system that lives on the 9 dimensional manifold S which 
has the coframing 

(4.4) {#\ fl 2 , w\ W 2 , W 3 , TT 1 , TT 2 , TT 3 , TT 4 } 

that is adapted to the filtration 

/ C J C T*£. 

Since the apparent torsion was absorbed, we can write 

d9 a = A%tt £ A^ mod {/}, 

where the non-vanishing entries of Af e are 

(4.5) A\± = A\s = A^i = A\ 2 = 1. 

The 1-forms tt\ are sections of T*E/J, or, equivalently, they are components of a section of 

r j/i. 

Prom now on, by abuse of notation we will write the structure equations of the EDS as 

6 a = 

d6 a = A a ei TT e Aoj { mod {/} 

Q = uj 1 A to 2 A w 3 / 0. 
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From (|4.5p it follows that the tableau A of the linear Pfaffian system (J, J) is given by 

fa d\ 

where a, b, c, d are nonzero constants. Therefore, the reduced characters of the tableau A are 

s\ = 2, S2 = 2, S3 = 0, and sq =rank 1 = 2. 

The symbol B of the linear Pfaffian system (/, J) is then 

where e, / are nonzero constants. 

4.2 The integrability conditions 

Let us denote by (Cr3(TE), w, E) the Grassmannian of three planes through the origin of TE. 
Then the dimension of the base manifold and the fiber over a point p € E are given by 

dimG 3 (TE) = 27, dimG 3 (T p E) = 18, 

respectively. 

If we denote by p?, (a = 1,...,6, i = 1,2,3) the local coordinates of the fiber Gr 3 (T p E), then 
for a 3-plane E G Gs(T p E), that satisfies the independence condition uj 1 A (J 2 A w 3 | B 7^ 0, by an 
eventual relabeling of the coordinates, equations of integral elements of (/, J) are 

9 b = 0, (6 = 1,2) 

(4.6) \ ' 

where p|, (e = 1, 4, i = 1,2, 3) are functions on G^TpE). 

The relations (|4.6p regarded as system of linear equations in p\ are the first order integrability 
conditions of the linear Pfaffian system (/, J). One can remark that in the most general case, 
these equations are over-determined, in the sense that there are more equations than unknowns. 
Therefore, in general there is likely for such linear systems to be incompatible. 
In our case, using the fact that integral elements of 8 a = must satisfy d9 a = also, then using 
03) we obtain the solutions of (|4.6p as follows: 

P2 = °> P3=Px, 

pl = o, 

pI = 0, vl = pi 



(4.7) 



the rest of the functions, namely p\, pf, P3, P\, pf, P21 being arbitrary. 

One can see that the maximum rank of this system of functions is d = 6, and that it is of local 
rank constant. In other words, Vs(I, O) is a smooth codimension 6 submanifold of Gs(TE), 
where we denoted by V%(I, ft) C G^TE) the subbundle of 3-dimensional integral elements of I. 
Remark that {V^il, O), I) is the prolongation of (E,I), whereX is the exterior differential system 
generated by the Pfaffian system /. Here, I is the exterior differential system on Vs(I, fl) 
generated by the Pfaffian system 

/= {e 1 ^ 2 ,^ 1 -pV - pjuj 3 ,ir 2 - pjoj 1 - pIoj 3 ,ir 3 - pfu 1 - pfu 2 ,ir 4 - pju 1 - pjoj 2 }, 
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i.e. I is the pullback to Vs(I, f2), by the inclusion t : V^{T,Q) —> Gs(T p T,), of the canonical 
system on Gs(T p E). 

Moreover, since the dimension of the solution space of equations (j4.7j) is 6, the Cartan involutivity 
test is satisfied: 

si + 2s 2 + 3s 3 = 2 + 2 • 2 + = 6 = d. 

Using the Cartan-Kahler theorem for linear Pfaffian systems (see [lL2003j . p. 176, |Br et al~ 1991j 
for a more general exposition, and the Appendix), we can summarize the findings in this section 
in the following theorem. 
Theorem 4.1. 

Assume there exist three 1-forms (lo 1 , lo 2 , lo 3 ) on a 9- dimensional manifold E which satisfy the 
structure equations (|2,2p . where I, K are considered as free coordinates on E, and dl, dK are 
independent from or, lo 2 , lo 3 . 

Then the pair (I, J) is an involutive linear Pfaffian system with independence condition on E. 
Therefore, solving a series of Cauchy problems yields analytic integral manifolds of (I, J) passing 
through u € E that, roughly speaking, depend on two functions of two variables. 

We emphasize the fact that the existence of analytical integral manifolds of (I, J) is guar- 
anteed only in a neighborhood U C E of u. 

Therefore, for any point u € E chosen such that Ii 7^ 0, the existence of an integral submanifold 
of (I, J) passing through this point is guaranteed by Theorem 4.1. This is a non-trivial gen- 
eralized Landsberg surface structure on which the independence condition w 1 A w 2 A w 3 / is 
satisfied. In other words, this integral submanifold can be realized as the graph of the analytical 
mapping 

E ->■ E, 

{u,I{u),K{u),h{u),h{u),K x {u) : K 2 {u)) G E. 

This proves R. Bryant's prophecy. Unfortunately, these generalized structures are not always 
amenable, in other words, they are not always realizable as Finsler structures on surfaces as will 
be seen. 
Remark. 

If we write the structure equations as 

then we can put them in a normal form which reflects the Cartan test for involutivity. 
Indeed, if one changes the basis {lo 1 , lo 2 , w 3 } to {lo 1 := lo 1 ,uj 2 := w 2 ,a; 3 := cj 3 — lo 2 }, then it 
follows 

dO 1 = 7T 1 A ui 1 + 7r 2 A ui 2 + it 2 A uj 3 
d9 2 = vr 3 A^ + vr 4 Aw 2 , mod/. 
Therefore, in this frame, the tableau A of (/, J) is now given by 

<«> c o)- 

One can now directly verify by visual inspection that, indeed, there are si = 2 independent 
1-forms in the first column of the tableau matrix of (/, J), s\ + s 2 =4 independent 1-forms in 
the first two columns, and s\ + s 2 + S3 = 4 independent 1-forms in the first three columns, i.e. 
in the entire matrix. This agrees with Cartan's test for involutivity. 
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4.3 The existence of generalized Landsberg structures on surfaces 

In the present section we are going to generalize our setting and show the existence of the 
coframes uj satisfying (|2.2p together with the scalar functions I and K satisfying (|2.3p . without 
using any of the assumptions in §4.1, §4.2. 

Let E be again a 3-manifold, and let ir : ^(E) — > E be its frame bundle, namely 

.F(E) = {(u,f u )\f u : T U E — > V linear isomorphism}, 
where V is a 3-dimensional real vector space. 

Let r\ be the tautological V- valued 1-form on .F(E), defined as usual by 

(4.9) rj f (w) = fu(n*w), 
where / = (u, f u ) G -^(E), and w E TfTiY*). 

It is known that a coframe on the manifold ./""(E) is given by (r? l ,a*-), i,j = 1,2,3, where r\ % 
are the components of the ^-valued tautological form rj, and a*- are the 1-forms on J~"(S) that 
satisfy the structure equations 

(4.10) drf = -a) A rf \ i,j = 1, 2, 3. 

Such 1-forms always exist, but without supplementary conditions, they are not unique. These 
forms are the connection forms of the frame bundle. 
Here, we choose a "flat type connection form", i.e. 1-forms a*- satisfying 

(4.11) da* = o4 Ao^ i,j,k = 1,2,3. 

We define next the following (local) trivialization of the frame bundle 

(4.12) V ; V . 

/ = («,/«)-► M/j)), 

where for a coordinate system (x x ,x 2 ,x 3 ) on S, and a basis {ei,e2,es} of K, (/j) is the repre- 
sentation matrix of the mapping f u : T U T, — > E with respect to the bases {^7} and {e,}. 
A system of coordinates on S x GL(3, M) is given by (x l , /j), i, j = 1, 2, 3, and a coframe on the 
manifold E x GL(3,M) will be (uj l ,dfj), where we put 

(4.13) J = fjdxK 

We remark that the tautological 1-forms 77 = (rf), i = 1,2,3, on ^(E) correspond to the 1- 
forms (uj 1 ) under the identification (|4.12p . This can be verified by direct computation checking 
that the 1-forms u/ in (f¥7T3|) satisfy (|PJ) . 
Moreover, if we put 

/fi5 = d(/fc)(/~ 1 )J, i s j,fc = 1,2,3, 
then the 1-forms (/?*•) on ^(E) correspond to the "connection forms" (o^). Indeed, a straight- 
forward computation shows that the /3*-'s defined above verify the structure equations (|4.10p . 

(B3U). 

With these preparations in hand, we move on to the study of the existence of a coframe u and 
the scalars /, K on the 3-manifold E that satisfy (|2.2p and (|2.3p . respectively. 
In order to do this, we consider the 18-dimensional manifold 

E = 7"(E) x M 6 
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with the coframe 

where 7T 1 , tt 2 , 7r 3 , 7r 4 are the 1-forms in (|4.2p . (|4.3p . 
We consider the 1-forms 

B 1 = drj 1 + Irj 1 A i] 3 - rj 2 A 7] 3 
(4.14) G 2 = (fy 2 + r] 1 A r/ 3 



6 3 = drf - Kr) 1 A t? 



2 



and 



1 = dl - hr, 1 - I 3 r, 3 

(4.15) „ 199 

6 2 = dK - Kirf - K 2 r] 2 + KIrf, 

obtaining in this way the exterior differential system 

1= {Q\e 2 ,Q 3 ,9\e 2 } 

with independence condition 

fl = r] 1 A rj 2 A rf / 0. 
Let us remark that any element E 1 £ Gs(TS) such that ^ is defined by 

0^ = Bi(E)ri k lE 
n\ E = Cl(E) V k lE , 

where (^ fc )j,j,fc=i,2,3, (-Bfc)i=i,2 ; fc=i,2,3, (Cfc)i=i,2,3,4;fc=i,2,3 are smooth functions on G 3 (rS,fi). 
In other words, {A l - k , B l k , C l k ) are the fiber coordinates of the fibration G3(TX,f2) — > S. This 
fiber is 45-dimensional. 

However, due to the identification (|4.12|) and the discussion above, we can consider the local 
coordinates 

(X 1 ^ 2 ,^ 3 ,^)^!^,/,^,/!,^,^!,^) € E 

on the 18-dimensional manifold ^(S) x R 6 and identify the 1-forms 77* with u l given in (|4.13|) . 
Since the settings are equivalent, for simplicity, we will work in these coordinates instead of the 
general case described at the beginning of this subsection. 

It follows that the 1-forms (|4.14p . (|4.15|) of the exterior differential system X, can be written as 

6 1 = du 1 + Ioj 1 A oj 3 - u? A oj 3 

(4.16) G 2 = du 2 + uj 1 A uj 3 

6 3 = duj 3 - Koj 1 A oj 2 

and 

6 1 =dl - hu 1 - I 3 oj 3 

(4 17) 

6 2 = dK- K x u? - K 2 uj 2 + KIu 3 , 

with independence condition 
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where w's are given by (|4.13p . 

The integral manifolds of (2T, fi) will consist of the coframe {u; 1 , w 2 , w 3 }, and the functions 
(I, K, Ii, I3, Ki, K2) on S. The projection of such integral manifold to £ gives a generalized 
Landsberg structure (E,u). 

Let us remark that the situation is now quite different from the one in §4.1. The 0's are 2-forms, 
while 0's are 1-forms, so the exterior differential system (I, £1) is not a linear Pfafnan system, 
and therefore we cannot apply the Cartan-Kahler theorem for linear Pfafnan systems as we did 
previously. Even there are more general versions of the Cartan-Kahler theorem, the strategy we 
adopt here is to prolong I in order to obtain a linear Pfafhan system (for details see [IL2003 , 
p. 177). 

Let us consider the prolongation V(Z,Q) C G3(T£) over £, with the fiber inhomogeneous 
Grassmannian coordinates ^(p})f=i,2y=i,2,3, {Pjk)i,j,k=l,2,3, 
(?fc)i=l,2,3,4;fc=i,2 ) 3j J such that 



9\ 

IE 


= Pl{E)dx\ E 


j 3\e 


= p) k {E)dx\ E 


A 

\E 


= ql(E)dxf E , 



for any integral element E. 
Then, the equations 

i = d9 i = O, i = 1,2, 

e^de^o, j = 1,2,3, 

will give the defining equations of the prolongation V(Z, Q). 

As concrete computation, we remark first that 9 l = will imply = 0, so these functions will 
not appear in out analysis. A similar computation as in §4.1 shows that the structure equations 
for 0's are 

dO 1 ^tt 1 Au 1 +tt 2 Alu 2 mod {6, 6} 

d6 2 = TT 3 ALU 1 +TT' 1 ALU 3 . 

These equations will give some of the g* 's. 

The equations O l = mod {9, 0} will give some of the p l - k . The rest of the equations d® 1 = 
mod {9, 0} will be satisfied due to some Bianchi identities, so they will give no further conditions. 

In this way, we obtain the linear Pfaffian X on V(I, £1) generated by the 1-forms 

(4.18) {o\ 9 2 , (ej)ij=i,2,3, n\ n 2 , n 3 , n 4 }, 

where 

ej- = df) - P ) k dx k , ij,k = 1,2,3, 

IT = tt { - q k dx k , i = 1,2,3,4, fe = 1,2,3 

and we will study its involutivity by means of Cartan-Kahler theory as we did in §4.1, §4.2. 
It is easy to see that putting the conditions d9 % = 0, i = 1,2 it results 6 relations with 12 
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unknown functions (<7!-)i=i,2,3,4; j=i,2,3- We solve ql, g|; % m terms of q{, q\, q(, and q%, g|, q% 
in terms of qf , q%, qf- It follows 



f\ ~fi\ ( ~l\fl ~l2fi 



fl ft 



-1 



vlfl 'ill:' ' ' 



and 



4 = j^lfl-4fl + 4fl), 

fl ~fi\ ( ~1o.fz ~ ^2/3 



fi ft 



-1 



tifl tffi 



In the same way, from O*- 



ip) k ), i,j,k 



0, i,j = 1,2,3, we obtain 9 relations with 27 unknown functions 
1, 2, 3. Solving 9 of them, we obtain 



P31 
P12 
P23 



Pl3 
P21 
P32 



nflfl - flfl) + (flfl 
i{ftfl - flfl) + (fiff 
iiflfi - ft!) + (flfl 



flfl) 



P12 
ph 

P 3 3l 
Pn = 

ph = 

P 3 31 = 



P21 
P32 

Pis 



(flfi ~ /2/1. 



[flfi 
(flfl 



fifi) 
flfl) 



p\i + nflfl - flfl) 
p| 2 + n/l/f -/3 1 /!) 

P^ + KUlfl-flfh- 



Using these relations we study the involutivity of the linear Pfaffian (|4.18p . By similar com- 
putations as in §4.1, §4.2 we obtain that the structure equations of (|4.18p are given by 



(4.19) 



(0 X \ 

e 2 
©1 

@2 
@3 

e? 
e| 

©I 
e? 

81 
®I 

n 1 
n 2 
n 3 

VnV 



/o 




V 



,22 

,24 








P 13 P 

P U P 
„15 



9 19 
^21 



,11 
11 
16 

P 17 
p 20 

$2 

p 23 

<J> 5 





p" 
P 6 



p° p* 



P U 
P 12 
p 15 

P 17 

p 18 
$1 
<J> 3 




mod {X}, 
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where p 1 , i = 1, . . . , 24 are 1-forms on V(X, f2), linearly independent from the 1-forms in (|4,18D . 
and $ 3 , j = 1, . . . , 6 are linear combinations of the p's. 

It means that the apparent torsion can be absorbed. It also can be checked that the space of 
integral elements at each point has dimension 38. 

On the other hand, the reduced characters of the tableau corresponding to (|4.19p are 

si = 13, s 2 = 8, s 3 = 3, 
and Cartan test's for involutivity reads 

si + 2s 2 + 3s 3 = 38. 
Therefore the Pfaffian system (|4.18p is involutive. 

Putting all these together, and assuming that £ and a, 7] are analytic, from Cartan-Kahler 
theory we obtain 

Theorem 4.2. _ 

The linear Pfaffian prolongation (V(X, of the exterior differential system I on £ is invo- 

lutive. Moreover, the analytical integral manifolds ofZ depend on 3 functions of 3 variables. 

Since the projection of an integral manifold of the prolongation I to £ is also an integral manifold 
of I, it follows 

Corollary 4.3. 

There exist non-trivial generalized Landsberg structures on a 3-manifold £. 

The non-triviality of the integral manifolds can be obtained by choosing an appropriate 
initial value. See the discussion at the end of §4.2. 
Remark. _ 

We point out that the degree of freedom of the integral manifolds of I does not equal the degree 
of freedom of the scalar functions / and K. The reason is that the 3 functions of 3 variables 
obtained in Theorem 4.2 include the degree of freedom of the coframe (uj 1 , uj 2 , uj 3 ) as well. 

5 The local amenability of generalized Landsberg structures on 
surfaces 

The notion of amenability given in Definition 2.2 has the following local version 

Definition 5.1. The generalized Finsler structure (£,w) is called locally amenable if for 
any point u € £, there exists an open neighborhood U C £ of u to which (£,w) restricts to be 
amenable, i.e. (U,cjm) is amenable in the sense of Definition 2.2. 
We can now formulate a local version of the Theorem 2.1. 
Theorem 5.1. Let (£,u;) be a generalized Finsler structure. Then the following two con- 
ditions always hold good. 

(2) ' (£,w) is locally amenable. 

(3) ' The mapping v : U — > T(U) is a smooth embedding, where U is the leaf space of the 
foliation {u^y = 0,0^ = 0}. 

Proof. The proof is quite straightforward. Remark first that the differential system {uj 1 = 
0, uj 2 = 0} is completely integrable. Indeed, the structure equations (|2.ip of a generalized Finsler 
structure show that 

du 1 = mod {a; 1 ,^ 2 }. 

duo 2 = 
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It follows from Frobenius theorem that for any point u € S, there exists an open neighborhood 
U C S of u such that the leaf space of the foliation {u^ = 0, wj 2 ^ = 0} is a differentiable manifold, 

say U, such that the canonical projection tt : U — » U is a smooth submersion. 

From here we see immediately that v : £7 — s> T(t/) is a smooth embedding. 

Q. E. D. 

We point out that the condition (1) in Theorem 2.1 is not necessarily true for this U. 

Indeed, imagine for a moment the case when the generalized Finsler structure (E,c*;) 
satisfies all the conditions in Theorem 2.1, i.e. it is a classical Finsler structure on a differentiable 
surface M such that it : S — > M is a smooth submersion. In this case, even though if we restrict 
ourselves to a small neighborhood U C M, the fibers S z over x £ U are not changed in any way, 
they remain diffeomorphic to S 1 when we shrink the base manifold M. 

This situation changes dramatically when we are working with a local generalized structure 
on E. Considering the neighborhood U C S as given by the Frobenius theorem, the fibers are 
also cut off. The situation is similar with taking a neighborhood of a point on the surface of the 
sphere S 2 , for example. In general, the great circles will have only some open arcs contained in 
this neighborhood, and there is no reason for these arcs to be compact. 

Hence, the local conditions in Theorem 5.1 are not enough for to be classical Finsler 

structure on U. 

Therefore, we have 

Corollary 5.2. Let (£,cj) be a generalized Finsler structure and let U C S be the neigh- 
borhood given in Theorem 5.1, where (2)' and (3)' are satisfied. Then (JJ,uj\u) satisfies (1) in 
Theorem 2.1 if and only if it is a classical Finsler structure on U . 

In conclusion, recall that we have proved the existence of non-trivial generalized Landsberg 
surfaces in Theorem 4.1. In other words, the Cartan-Kahler theorem assures us that there exists 
a neighborhood U C S such that (U,uj\u) is a non-trivial generalized Landsberg surface. 

On the other hand, since the differential system (U, u 1 ^ 2 ) is completely integrable, from 
the discussion above it follows that, on a possible smaller open set on X, there exists the local 
coordinate system u = (x,y,p) such that the leaf space of the foliation {u 1 = 0,u 2 = 0} is a 
differentiable manifold. 

We can therefore conclude that for a small enough e > 0, there exist amenable non-trivial 
generalized Landsberg structures (U,u), depending on two functions of two variables, over an 
open disk D = {(x, y) : x 2 + y 2 < e} C U in the plane. 

Finally, we emphasize that these non-trivial Landsberg generalized structures do not nec- 
essarily satisfy the condition (1) in Theorem 2.1, so they are not necessarily classical Finsler 
structures. 

6 A special coframing 

For a nowhere vanishing smooth function m on S, we define the 1-forms 

9 1 = moo 2 

(6.1) 6 2 = u} 3 

6 3 = muj 1 + m^oj 2 , 

where the subscripts represent the directional derivatives with respect to the generalized Lands- 
berg coframe (oj 1 , uj 2 , u 3 ). 
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Remark that 

9 1 A9 2 A9 3 = m 2 ^ 1 Auj 2 Au 3 , 

therefore {9 1 , 6 2 , 9 3 } is a coframe on £ provided m is nowhere vanishing smooth function on E. 
An easy linear algebra exercise will show that we have 

, m 3 1 A 

Ji = ei H e 2 

m m 

(6.2) h = e 3 

h = — ei, 
m 

where we have denoted by {/i, f 2 , fa} and {ei, &2, 63} the dual frames of {9 1 , 9 2 ,9 3 } and {w 1 , w 2 , w 3 }, 
respectively. 

We would like to impose conditions on the function m and the invariants /, K such that the 
new coframe 9 = {9 1 ,9 2 ,9 3 } satisfies the structure equations 

d9 1 = 9 2 A 9 3 

(6.3) d9 2 = 9 3 A 9 1 

d9 3 = k9 1 A 9 2 , 

where A; is a smooth function on £ to be determined (one can see that from the third structure 
equation of the coframe 9 that dk A 9 1 A 9 2 = 0, therefore the directional derivative of k with 
respect to 9 3 must vanish). This is a so-called K-Cartan structure (see [GG2002]). 
Straightforward computations show that 



holds if and only if 

This is our first condition on m. 
It also follows that 



d9 l = 9 2 A 9 3 
mi = 0. 



(6.4) I = -2 ^ K = m 2 . 



m 



In this case, we obtain 

(6.5) k = l-^. 

m 

Remark that the Landsberg condition reads 

t n ^ m 2 m 3 

I 2 = m 32 = , 

m 

and the non-triviality conditions 

h ^ ^ m 2 ^ 
I 3 <^> mm 33 - (m 3 ) 2 ^ 
K 2 + h + 
K 3 ^ ^ m 3 ± 0. 
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We obtain therefore the following 
Proposition 6.1. 

Let (T<,uj) be a generalized Landsberg structure on the 3-manifold £ and let m : £ — )■ R be a 
smooth nowhere vanishing function satisfying the conditions 

1. the direction invariance condition 

(6.6) mi = 

2. the Landsberg condition 

la f\ 17121713 

(6.7) 777-23 = • 

777 

Then 9 = {9 , 9 2 , 9 3 }, with the 9 % 's given in 116. is a coframe on the 3-manifold £ that satisfies 
the structure equations \6. 3]) with 
(3) the curvature condition 

(6.8) k = 1 - ^3. 

777 

Remark that in this case, besides the conditions in the proposition above, the function m 
will satisfy the Ricci type identities 

77721 = — 777 2 7773 
m 2 3 - "7 32 = 
"7 3 i = 7772. 

Conversely, we can start with a coframe 6 = j^ 1 ^ 2 ,^ 3 } on the 3-manifold S that satisfies 
the structure equations (|6.3p for a function k : S — > K such that kg^ = 0. Here, we denote 
by hoi the directional derivatives of a smooth function h with respect to the coframe 6, i.e. 
dh = h ei 6 l + h e2 9 2 + h 93 9 3 . Making use of a nowhere vanishing smooth function 777 : S — > M, 
we can construct the 1-forms 

777 777 

( 6 - 9 ) 0? = ±9i 

777 

oj 3 = 9\ 

By a simple straightforward computation we obtain 
Proposition 6.2. 

Let 9 = {9 1 ,9 2 ,9 3 } be a coframe on the 3-manifold £ that satisfies the structure equations 
\6. 3\) for a smooth function k : E — > R, and let m : S —> M be a nowhere vanishing smooth 
function that satisfies the conditions 

1. the direction invariance condition 

(6.10) 77703 = 0, 

2. the Landsberg condition 

(6.11) (L) 777^21 = 0, 
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3. the curvature condition 



(6.12) (C) T ^ = \-k. 

m 

Then uj = {uj 1 , uj 2 , uj 3 }, with the uj 1 's given in \6.9\) . is a generalized Landsberg structure 
on the 3-manifold S with the invariants 

(6.13) I = -2^, K = m 2 . 

m 

In this case, the Ricci type equations for m in the coframe 9 , 2 , 8 3 are 

"16»12 = m e2 i = 
(6.14) m6ii3 = -m 92 

m d2 3 = mei- 

Remarks. 

1. Let (S,w) be a generalized Landsberg structure, and suppose that U C S is an open set 
where the foliation 

■R = {uj 2 = 0,uj 3 = 0} 

is amenable, i.e. the leaf space A of integral curves of e\ in U is a differentiable manifold, 
and 

l:U^A 

is a smooth submersion. Then 1 , 2 can be regarded as the tautological 1-forms of the 
frame bundle and 9 3 as the Levi-Civita connection of the Riemannian manifold A. The 
function k plays the role of the Gauss curvature. 

2. The indicatrix foliation Q : {uj 1 = 0,uj 2 = 0} of the generalized Landsberg structure 
{to , uj 2 , w 3 } coincides with the geodesic foliation V : {6 1 = 0, 8 ?J = 0} of the new coframe 
{e 1 ^ 2 ^ 3 } on E. 

3. The normal foliation 1Z : {uj 2 = 0, uj 3 = 0} of the generalized Landsberg structure 
{a; 1 , a; 2 , a; 3 } coincides with the indicatrix foliation Q : {8 1 = 0, 6 2 = 0} of the coframe 
{8\ 9 2 ,6 3 } on S. 

4. In the case when the generalized Landsberg structure {uj 1 , uj 2 , uj 3 } is realizable as a classical 
Finsler structure (M, F) on a certain 2-dimensional differentiable manifold M such that ir : 
S — > M is its indicatrix bundle, then the leaves of the normal foliation 1Z : {uj 2 = 0, uj 3 = 0} 
are the (normal) lifts of some paths on M called A r -parallel or A^-extremal curves. The 
geometric meaning of such curves 7 : [a, b] — > M is that the normal vector field N(t) along 
7(t), defined by grsf(N,T) = 0, is parallel along 7. Here T(t) is the tangent vector field to 
the curve 7, and g is the Riemannian metric induced by the Finslerian structure in each 
tangent plane T X M . It is also known that the A^-parallels 7 are solutions of a second order 
differential equation on M and the solution of this SODE is uniquely determined by some 
initial conditions {xq,Yq) G TM (see [ISS2009] for details). 
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7 The geometry of quotient space A 



7.1 The setting 

In the light of our discussion in §6, we can conclude that if U C £ is an open set where the 
normal foliation 1Z = {uj 2 = 0, uj 3 = 0} is amenable, i.e. the leaf space A of integral curves of e\ 
in U is a differentiable manifold, I : U — > A is a smooth submersion, and m is a smooth function 
on £ that satisfies the conditions in Proposition 6.1., then there exist 

1. a quadratic form g on A such that l*(g) = m 2 (uj 2 ) 2 + (w 3 ) 2 ; 

2. a 2-form dA on A such that l*(dA) = muj 2 A co 3 ; 

3. a smooth function m on A such that l*(m) = m. 

We can construct now a g-orthonormal coframe rj 1 , ry 2 on A (it may be only locally defined), 
i.e. there exist two 1-forms r] 1 , ry 2 on A, such that 

g = (ry 1 ) 2 + ( v 2 ) 2 , dA = r t 1 At? 2 > 0. 

This is equivalent with giving a smooth section s of the orthonormal frame bundle v : F{ A) — > 
A, i.e. a /irsi order adapted lift to the geometry of the Riemannian manifold (A, g). 
If we denote by {ei, the dual frame of {r/ 1 , r/ 2 } it follows that {ei | 2 , e 2 | z } is a g-orthonormal 
basis of T 2 A, and (z, e x | 2 , e 2 | z ) G ^"(A) is a frame on the manifold A at each point zgA. 
There exist two smooth functions, say a and b, on A such that 

dry 1 = ar] 1 A r/ 2 
cfr/ 2 = brj 1 A r? 2 . 

By straightforward computation, it also follows that there exists a 1-form, say r] 3 , on A, such 
that 

dry 1 =r] 2 Ai] 3 
drj 2 = )) 3 Ai| 1 , 

and therefore we must have 

rf = —ar] 1 — brj 2 . 

One can easily check that if {rj l , ry 2 } is another ^-orthonormal frame, then it follows dry' = dry 3 . 
By straightforward computation we obtain further 

drf = Ri] 1 A ry 2 , 

where R = a 2 — a 2 — b\ — b 2 , where Oj, bi means directional derivatives with respect to the 
coframe {rj 1 , rj 2 }. 

One can easily see that for another ^-orthonormal frame {rj 1 ,"^ 2 }, the function R remains un- 
changed, and therefore it depends only on g. 
Let us denote 

S(z) = (Z,fz) 

a local section of v : T(A) — > A. 

It is then known that on T(A) there are tautological 1-forms 

a^T;j(A), a):=rf{v*w), 
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where w G TfT(A), and i € {1,2}, such that 



gives a basis of semibasic forms on J 7 (A). 

Consider now the g-orthonormal frame bundle v : J 7 on (A) — > A with its tautological 1-forms 
{a 1 , a 2 }. 

If s : A — > J-" on (A) is a smooth (local) section, then 

2 */ 2\ 

77 =s(a) 

is a local coframe on A such that 

Recall that the "downstairs " Fundamental Lemma of Riemannian geometry tells us that there 
exists a unique 1-form 77 s on A such that 

s*(da x ) = s*{a 2 ) Atj 3 
s*(da 2 ) = r/ 3 As* (a 1 ) 
d7] 3 = Rs^a 1 ) As*(a 2 ), 

where R : A — > K is the Gauss curvature of the Riemannian surface (A, g). These are the so- 
called "downstairs" structure equations of the Riemannian metric g on A. 

We also recall the "upstairs" Fundamental Lemma of Riemannian geometry that states that it 
must exist a unique 1-form a 3 on ^"(A) such that 

da 1 = a 2 A a 3 
da 2 = a 3 A a 1 
da 3 = ka 1 A a 2 , 

where k : J-(A) — >■ M. is the Gauss curvature "upstairs". In our setting it must satisfy the 
curvature condition (|6.8p . It follows that R = s*k. These are the "upstairs" structure equations 
of the Riemannian metric g on A. One can also see that on A we have 

(r] 1 ,!] 2 ,!] 3 ) = s*(a\a 2 ,a 3 ). 

Example 7.1. 

Let us consider a flat Riemannian metric g on A, i.e. R = 0. It follows that there exist local 
coordinates z = (2 , z 2 ) on A, such that 

rj 1 = dz 1 , rj 2 = dz 2 , 

and therefore a = 0, 6 = because drj 1 = 0, drf = 0. 
It follows rj 3 = as well as R = 0. 

We construct now the coframe (z;dz 1 ,dz 2 ) on A and its oriented orthonormal frame bundle 
v '■ -A^n (A) — > A with respect to the Riemannian metric 

g = (dz 1 ) 2 + (dz 2 ) 2 . 
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In this case, the tautological 1-forms on J 7 on (A) will have the normal form 

a 1 = cos(t)(iz 1 — sin(t)dz 2 
a 2 = +sin(t)dz 1 + cos(t)dz 2 
a 3 = dt, 

where t € [0, 2ir] is the fiber coordinate over z € A. 
Exam-pie 7.2. 

A more general example is the local form of a metric g = u 2 g conformal to the flat case 
discussed above, where u is a smooth function on A. In this case we have g = (rj 1 ) 2 + (rj 2 ) 2 , 
where 

r/ 1 = udz 1 , rj 2 = udz 2 . 
By exterior differentiation it follows 

1 du 

u 2 dz 2 

b ^ ^ u 
u 2 dz 1 ' 

If we denote by v : J 7 on (A) — > A the bundle of ^-oriented orthonormal frames on A, we obtain 
on J 7 on (A) the tautological 1-forms 

q 1 = ua 1 

2 ~2 

a = ua 

q 3 = 5 3 — *d(\ogu), 

where * is the Hodge operator, a 1 , a 2 and a 3 are the the tautological 1-forms and the Levi-Civita 
connection form of the flat metric g, respectively. 

A straightforward computation shows that the Gauss curvature R of g is 

(7.1) R = -^A(\ogu), 

where A is the Laplace operator in the coordinates (z l ,z 2 ). 

It follows that a local form for the coframe (a 1 , a 2 , a 3 ) is given by 

a 1 = u^cos^dz 1 — s'm(t)dz 2 ^j 

a 2 = u^sin^dz 1 + cos(t)dz 2 ^j 
a 3 = dt — *d(logu), 

where t G [0, 2ir] is the fiber coordinate over z £ A. Here, we denote the pullback v*(u) of u to 
.F(A) by the same letter. 

7.2 The frame bundle .F(A) 

We return to our setting in §7.1, and start with an arbitrary Riemannian surface (A,g) with 
the area 2-form dA given such that 

9 = (V 1 ) 2 + (V 2 ) 2 , dA = V 1 A V 2 >0, 
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where {r] 1 ,i] 2 } is an g-orthonormal coframe on A, and {ei,e2} is its dual frame. 

We construct as above the g-oriented frame bundle v : J 7 (A) — > A, where (z, e x i z ,e 2 \ z ) is a 

g-oriented frame on A. Let us denote by I the mapping 

f:£-> T(A), ut-> t(u) = (l(u);l* jU (fi \u),l*,u(f2 |«)), 

where /i, /a are given in (|6.2p . 

Proposition 7.1. T/ie mapping I : E — )■ .F(A) defined above is a local diffeomorphism. 
We will give the proof of this result below. 
We have therefore the commutative diagram. 

£ A J-(A) 
Z \ I v 
A 

Remark that due to Proposition 7.1 we can locally identify S with .F(A) as well as the coframes 
9 and a. In order to avoid confusion we will still write I*, but we will consider all the formulas 
proved above for the coframe 9 to hold good for a as well via I*. 
Let us consider now the tautological 1-forms {a 1 , a 2 } on ^(A), i.e. 

v*{r, l ) = a\ v*{n 2 ) = a 2 , 

or, equivalently, 

(7.2) l*(a 1 ) = moj 2 , l*(a 2 )=u; 3 . 
A simple computation shows that we must also have 

r(^)=mw 2 , l*(n 2 )=uj 3 . 

7.3 The structure equations 

We are going to discuss the structure equations on J-"(A) and A, respectively. 

" Upstairs" 

We have mentioned already the "upstairs " structure equations on J-{ A) . If we pullback 
the first two equations to S by the means of I*, it follows 

dCra 1 ) = l*(a 2 ) AT (a 3 ) 
d(l*a 2 ) = l*(a 3 )Ai*(a 1 ) 

and from here, by using (|7.2|) we obtain 

(7.3) 1* (a 3 ) = mu 1 + m 3 uj 2 
on S. 

Remark that 

tia 1 A a 2 A a 3 ) = m 2 uj x A u? A J 3 ^ 0, 

i.e. I is indeed a lo cal diffeomorphism and this proves the Proposition 7.1 above. 
" Downstairs" 
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The "downstairs" structure equations on A are 

drj 1 = r] 2 Ajj 3 
drj 2 = rj 3 A n 1 
drf = Rn 1 A rj 2 , 

where R is the "downstairs" Gauss curvature of (A, g). 

We pullback the last equation above to ^(A) by means of v* . It follows 

da 3 = v*{R n 1 Ai/ 2 ). 

On the other hand, by exterior differentiation of (|7.3p we obtain 

l*(da 3 ) = dimu 1 ) + d(m 3 oj 2 ) = (m - m 33 )u) 2 A oj 3 

m-m 33 ^ 1 * 2 m 33 x 2 

= 1 a AI a = 1 )l (rj A n ). 

m m 

It follows 

Z*(iV A r? 2 ) = (1 - —)l*{n l A r/ 2 ), 
m 

and from here we obtain the following curvature condition on E: 

(7.4) (c) — r^ 1 ajj 2 ) = r[(i - i?)/? 1 A?) 2 " . 

m i . 

We would like to express now the quantity living on S as the image of a quantity living 
on A through I*. 

Recall from the general theory that if {ei,e2} is an adapted frame to the geometry of the 
Riemannian surface (A, g), this is equivalent with giving a section of the frame bundle v : 
J"(A) -s> A, i.e. 

s : A — >■ ^(A), v o s = id\, 
i.e. we have a so called first order adapted lift. 

Let us consider next an arbitrary smooth function fh on A, and lift it "upstairs" , i.e. we obtain 
a function fh = fh o v on -^(A), such that s*{rh) = fh, and a function m on £ such that 

(7.5) m = l*(fh) = l*(v*fh) = (y o l)*fh. 

We take next the exterior derivative of the relation m = l*(fh). It follows 
dm = l*(dfh) = r{fhiry l + fh2n 2 ) = f(mi)mw 2 + l*(fh2)ui 3 , 
i.e. dm is a linear combination of the 1-forms uj 2 , u 3 . This implies 

mi = 0. 

It follows that this m can be used to relate the coframes w and a as in §6.1. Under these 
conditions, we take the exterior derivative of the relation m = I* (in). It follows that 

dm = m-2W 2 + m 3 uj 3 = ^(fhia 1 + m2« 2 + rh 3 a 3 ) 

= l*(rhi)muj 2 + l*(iri2)u> 3 + I* (^^(muj 1 + m 3 uj 2 ), 
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and from here, we obtain 



I (mi) = 

m 



i* (7712) = m 3 
l*(m 3 ) = 0. 

Remark that Proposition 7.1 together with the last condition above imply that 

777.3 = 0. 

By a straightforward computation we also obtain 

I* (777,22) = 777 33 . 

Recall that (77 1 , 7? 2 , 77 s ) = s*(a 1 , a 2 , a 3 ), and using now the relation 777 = s*(m) we have 

s*{dfh) = s*{fhi)r] 1 + s*(m2)rj 2 , 

where we have put dm = rh\a l + 777,2a 2 on J- (A) and dm = fhirj 1 + 771277 2 on A. 
Then, it follows 

777-1 = S*(777i) 
777 2 = S*(777 2 ). 

A straightforward computation using (|6.1ip . (|6.14p pulled back through I* shows that 

^777-2 = 777,22a 2 + 777ia 3 , 

and pulling this equation back through s* we get 

S*(777 22) = 7772 2 + bfh]_, 

where b is the function on A from drf = brj 1 A rj 2 . 
In the same way we obtain 

S*(777ll) = 77711 ~~ 07772, 

•S*(777i2) = S*(7772l) = 777i 2 - &777 2 = 777 2 1 + 07771, 

where we take into account the Ricci type identity on A: 

777,21 — "712 + afh\ + &7T72 = 0. 

Hence, we obtain 

"733 = ^*(s*("722)) = Z*(777 2 2 + bffll). 

Using now this in (j7.4j) we are led to the following curvature relation on A: 

, 7779 2 + ^777,1 

(7.6 (C) = 1 - R, 

777 

which, together with the Landsberg condition on A , namely 

(7.7) (L) 777-12 - bm 2 = "7,21 + 0777-1 = 0, 

are the fundamental relations to be satisfied by m on A. 

Remark that the non-triviality relations 7772 7^ 0, 1713 7^ are equivalent to 

777-1 7^ 0, 777-2 7^ 

on J" (A) or, equivalently, 

(7.8) (AO mi + 0, 777 2 + 
on A. 
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8 Constructing local generalized unicorns 



8.1 Recovering the generalized Landsberg structure 

Conversely, one can locally construct a generalized Landsberg structure as follows. Let us 
consider 

1. an oriented Riemannian surface (A, g) of Gauss curvature R, and 

2. a function fh on A that satisfies the PDE system (|7,6p . (|7.7p with the non-triviality con- 
ditions (USD. 

Then, on the orthonormal frame bundle v : ^(A) — > A there exist the tautological 1-forms 
a 1 , a 2 and the Levi-Civita connection form a 3 that satisfy the usual structure equations 

da 1 = a 2 A a 3 

(8.1) da 2 = a 3 A a 1 

da 3 = u*(R) a 1 A a 2 . 



Let us construct the coframing 



m m 



(8.2) -2 1 l 

K ' uj = —a 

m 

Co 3 = a 2 , 

where fh = v*{fh). 

It follows from Section 6, Section 7 that {Co 1 , Co 2 , Co 3 } is a non-trivial generalized Landsberg 
structure on the 3-manifold ^(A) with the invariants 

I =-2% K = m 2 . 
m 

By similar computations as in Section 4 one can show by means of Cartan-Kahler theorem that 
the PDE system (|7.6p . (|7.7p is involutive. We will not discuss here the most general situation, 
but a particular case will be described below. We recall also that a Riemannian structure on a 
surface depends on a function of two variables, say won A (this is a consequence of the existence 
of isothermal coordinates on a Riemannian surface). 

Summarizing, it follows from the Cartan-Kahler theorem used in Section 4 that the degree of 
freedom of the scalar invariants I, if of a generalized Landsberg structure locally depends on 
two arbitrary functions of two variables (see §4.1, §4.2). We point out that these two functions 
of two variables are in the Cartan-Kahler sense, i.e. they show the degree of freedom of (I, K), 
but one should not think that they are exactly the functions u and fh used in the precedent 
section. 

More generally, a generalized Landsberg structure, i.e. the coframe {uj 1 , uj 2 , lo 3 } together with 
the scalar invariants /, K, depends on 3 functions of 3 variables (see §4.3). A particular case 
is the generalized Landsberg structure (|8,2p constructed using a function u on A, from the 
Riemannian structure (A,g) downstairs, and a function fh on A satisfying (|7.6p . (|7.7p . We will 
show in the next section that the degree of freedom of the pair of functions (u, fh) is actually 4 
functions of 1 variable (see Proposition 8.1). 
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Remark that our solution has a lower degree of freedom than the general solution predicted by 
our first use of Cartan-Kahler theorem in Section 4 due to our particular choice of the coframe 
changing (j8.2|) . so there is no contradiction with our results in Section 4. 

Remark also that our condition fh\ = implies that the directional derivative of the invariant 
K with respect to uj 1 vanishes, in other words we are considering here an integral manifold of 
the linear Pfaffian system (|4.ip passing through the initial condition 

(u , 1(u ), K(u ), h(u ), h(u ),0, K 2 (u )), 

as explained in §4.2, where the invariants /, K are given above. 



8.2 A local form 

In order to construct a local form for the generalized Landsberg structure given by (|8.2p . we 
are going to use Zoll projective structures. 

Let us start with a Riemannian metric g = ^[(dz 1 ) 2 + (dz 2 ) 2 ] on the surface A with the 
Christoffel symbols and construct the 1-form 7 on A as in (|3.1|) . (|3.2p . 
By putting 7 = d(logu), i.e. 

1 du 

8.3 -7T7 = ^' i = 1 > 2 > 

u OZ l 

in some isothermal coordinates (z 1 , z 2 ) € A, it follows that the Gauss curvature of the Rieman- 
nian metric g = u 2 [(<iz 1 ) 2 + (dz 2 ) 2 ] will be given by 

R = ^-div7 

u z 

as explained in §3.2. See also Example 7.2 for other formulas. 

On the other hand, in order to obtain a generalized Landsberg structure upstairs, we need a 
function m on A that satisfies the conditions (|7.6p . (|7,7p and the non-triviality conditions (|7.8p . 
If we denote by numerical subscripts the directional derivatives of m with respect to the g- 
orthonormal coframe 

i] 1 = udz 1 , rj 2 = udz 2 , 



and with letters the partial derivatives, then straightforward computations show the expression 
of first order directional derivatives 

(8.4) rhi = —fh z i, i = 1,2, 

u 

and second order directional derivatives 

1 / _ \ 1 , 

mn = -9 (-71 m z 1 +m z i z i) mi2 = -n(-72«V +m z i z 2) 

(8.5) f " f 

m 2 i = -j(-jim z 2 + m z 2 z i) m 22 = ^(-72^2 + m z 2 z2 ). 

It follows from (|7.6p . (|7.7|) that m must satisfy 
1. The Landsberg condition 

(8.6) (L) m z i z 2 = jim z 2 + -y 2 fh z i, 
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2. The curvature condition 



(8.7) (C) m z 2 z 2 = -(7im z i - 72*71*2) + u 2 + chVy. 

It follows that these two conditions can be regarded as a PDE system for fh on A, where 7's 
is given by (|8.3p . 

The first question that arises is the involutivity of such a PDE system. We will discuss this 
using our favorite tool, the Cartan-Kahler theorem. 

Let J 2 (M 2 ,IR 2 ) be a second order jet space of two functions on a plane. The second jet space 
J 2 (M 2 ,M 2 ) has the canonical system 

C 2 = {6j = (i = 0,1,2, j = 1,2)} 

where (z , z 2 , fh, u, fh z i , fh z 2, u z i , u z 2, fh z i z \ , fh z i z 2, fh z 2 z 2, u z i z i, u z i z 2,u z 2 z 2) are the coordinates 
on J 2 (M 2 ,M 2 ) and 

6q = dfh — rh z idz l — fh z 2dz 2 , 2 = du — u^dz 1 — u z 2dz 2 , 

6\ = dm z i — m z i z idz l — m z i z 2dz 2 , 0\ = du z i — u^^dz 1 — u z i z 2dz 2 , 
Q\ = dm z 2 — m^^dz 1 — m z 2 z 2dz 2 , Q\ = du z 2 — u^^dz 1 — u z 2 z 2dz 2 

are the canonical contact forms. 

We consider the system of PDE formed by the equations (L), (C), namely, 

R = {(L),(C)} C J 2 {R 2 ,R 2 ), I = C 2 \ R , n = dz 1 Adz 2 , 

with coordinates (z 1 , z 2 ,m,u,m z i,m z 2,u z i,u z 2,m z i z i,u z i z i,u z i z 2,u z 2 z 2) on R. 

By a straightforward computation we find that the Pfafhan system I has absorbable torsion. 

Moreover, its tableau is given by 

\ 


(b + d) 


c 

d J 

and the characters of the tableau are s\ = 4, S2 = 0. Since the dimension of the space of integral 
elements is 4 = s\ + 2s2, Cartan's Test for involutivity implies that the system is involutive. 
Hence, in the analytic category, the Cartan-Kahler theorem implies that the solutions exist, and, 
roughly speaking, they depend on 4 functions of 1 variable. 
We are led in this way to the following result. 
Proposition 8.1. 

The system of partial differential equations (L), (C) for two unknown functions u, m of two 
variables has solutions. Moreover, these solutions depend in Cartan-Kahler sense on 4 functions 
of 1 variable. 

We obtain therefore the following prescription for constructing generalized Landsberg 
structures: 

• Start with a smooth surface A with local coordinates z , z 2 and consider the functions 
fh, u : A — > M. which satisfy (|8.6p . (|8.7|) . The existence of such an fh and u is guaranteed by the 
Cartan-Kahler theorem (Proposition 8.1). 



/o 

a 


b 
V 
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• Denote by g = ^[(dz 1 ) 2 + (dz 2 ) 2 ] the corresponding Riemannian metric on A conformal 
equivalent to the flat metric, and by R its Gauss curvature given by fjT. 1 j) ; 

• Construct the g-orthonormal frame bundle v : ^(A) — \ A with the tautological 1-forms 
a 1 , a 2 and the Levi-Civita connection form a 3 ; 

• Lift the function fh to E := ^"(A) as m := z/*(m); 

• Construct the coframe (uj 1 , lj 2 , uj 3 ) on E = ^(A) given by (|8.2p . 
Then, we have 

Theorem 8.2. The coframe (uj 1 , uj 2 , uj 3 ) constructed above is a generalized Landsberg 
structure on the 3-manifold E = ^"(A). 

Indeed, remark first that fh := v*(fh) implies s*(m) = fh, as well as fhs = by taking 
the exterior derivative. Then, in the present setting, similar computations with those in §7.2 
show that conditions (L) and (C) upstairs in Proposition 6.2 hold good. Computing now the 
structure equations of the coframe Q and making use of (|8.1|) and properties in Proposition 6.2, 
one can easily verify that a) is a generalized Landsberg structure on the 3-manifold E = J~(A). 
Using the normal form from Example 7.2 in §7.1, we obtain the following normal form of this 
generalized unicorn: 



uj 1 



dt — *d(\ogu) (cos(i)dz 1 — sm{t)dz 

in L m V 

(8.9) uj 2 = ^ ( costrtdz 1 - sm(t)dz 2 



rn 

[ ri)Mi — Mini )ti.„~ 

m 

uj 3 = u( sin^dz 1 + cos(t)dz 2 



where m = v*(m), iri2 = ^*(^fp) an d t ^ [0, 27r] is the fiber coordinate over z = (z l ,z 2 ) G A. 
Here, we denote again the prolongation v* (u) of u to ^(A) by the same letter. 



9 Concluding remarks 

In the present note we have shown how is possible to construct a non-trivial generalized 
Landsberg structure {a; 1 , a; 2 , a; 3 } on a 3-manifold S using a Riemannian metric g on a surface 
A that basically depends on 2 functions of 1 variable, namely, u and fh. Due to Cartan- 
Kahler Theorem in §8.2, we know that these functions are locally described by 4 functions of 
1 variable, case included in the general solution predicted by Cartan-Kahler Theory in Section 
4. A local form of it is given by (|8.9p . This generalized Landsberg structure is locally amenable 
in the sense of §5.2. Our generalized unicorn has the fundamental geometrical property that its 
indicatrix foliation {u 1 = 0, uj 2 = 0} coincides with the geodesic foliation {a 1 = 0, a 3 = 0} of 
the Riemannian metric g of A. 

However, our initial intention was to search for classical unicorns on surfaces, i.e. generalized 
Landsberg structures that satisfy the conditions of Theorem 2.1. 

Recall that a generalized Finsler structure is amenable if the indicatrix foliation Q = {uj 1 = 
0,uj 2 = 0} is amenable, i.e. the leaf space is a differentiable manifold. 

Let us also recall that a Zoll metric on S 2 depends on one odd arbitrary function on one variable 
(see [B1978] and [LlVKOC^ for details). We are lead in this way to the following 

Conjecture 9.1. There exists a solution u of / Iff. 6]) . jff. 7| ) that gives a Riemannian metric 
g = u 2 [{dz 1 ) 2 + {dz 2 ) 2 ] whose Levi-Civita connection V s belongs to a Zoll projective class on 
S 2 . 

If we accept this conjecture as true, then we just have constructed a generalized Landsberg 
structure {a) 1 , uj 2 , Cj 3 } on the frame bundle E := J-(S 2 ) of a Riemannian surface (S 2 ,g) whose 
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Levi-Civita connection V 9 belongs to a Zoll projective structure on S 2 , in other words, the 
geodesic foliation V = {a 1 = 0, a 3 = 0} of g foliates the 3-manifold S by circles. Remark in 
the same time that we had constructed our coframe Q from a by (|8.2p such that its indicatrix 
foliation Q = {w 1 = 0, oj 2 = 0} coincides with the geodesic foliation V = {a 1 = 0, a 3 = 0} of g. 
Then, by the properties of Zoll projective structure on S 2 described partially in §3.2 it follows 
that the space of geodesies, say M, of the metric (A = S 2 ,g) is a differentiable manifold, and 
hence, the generalized Landsberg structure {a) 1 , a) 2 , cD 3 } is globally amenable. In other words, 
the map ir : £ — > S 2 is a smooth submersion. Obviously, the leaves of the indicatrix foliation 
{uj 1 = 0, u) 2 = 0} are diffeomorphic to S 1 , so they must be compact. 

Finally, in order to have a true classical unicorn, we have to show more, namely that the canonical 
immersion i : £ — > TM, given by t(u) = 7r* !U (e2) is injective on each 7r-fiber H x , as stated in 
Theorem 2.1. This is not so difficult to prove. Let us denote by 

7„ : [a, b] ->■ £ 

the geodesic flow of the Zoll projective structure [V] on S 2 through the point u € £, and let us 
take another point, say u\ on the same leaf, i.e. there exist some parameter values sq, s\ € [a, b] 
such that 

ju(so) = u, Tu( s l) = u i 

on S. 

From §3.2 we know that the leaves 7 are closed, periodic, simple curves of same length on S, 
i.e. for 

lu(so) = u^ 7 n (si) = ui =^ e 2 | 7u(so) ^ e 2 | 7tt(si ), 

where e 2 € T 7 S is thought as a vector field along 7. Applying to this the linear map 7r* )M it 
follows 

7r *, 7 (so)(^2 | 7 «(so)) ^ ^,7(31 ( g 2 |7«(si)) 

and therefore it follows that t must be injective on each 7r-fiber T, x . 
Then, from Theorem 2.1 we can conclude 

There are Landsberg structures on M = S 2 which are not Berwald type, provided the 
conjecture above is true. 

10 Appendix. The Cartan— Kahler theorem for linear Pfaffian 

systems 

We give a short outline of the main tool used in the present paper, the Cartan-Kahler theorem 
for linear Pfaffian systems. This theorem is presented in several textbooks, for |Br et al~1 991 . 
[IL2003 , [01995 , etc., but our presentation here follows our favorite monograph [IL2003J. 
Let us denote by fi*(E) = fe O fc (S) the space of smooth differential forms on the manifold X. 
It is a standard fact that f2*(£) is a graded algebra under the wedge product. 
A subspace I C il*(E) is called an exterior ideal or an algebraic ideal if it is a direct sum of 
homogeneous subspaces (namely, 1 = X k C Vi k (T;).) and it satisfies 

uj A 7] £ Z, 

for w£l and any differential form 77 £ f2*(£). 

An exterior ideal is called a differential ideal if for any w £ I, we have dui £l also. 

A differential ideal I C f2*(£) is called an exterior differential system on a manifold £ (EDS for 
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short). 

A set of differential forms of arbitrary degree {cj 1 , w 2 , . . . ,uj k } is said to generate the EDS 1 if 
any 6 £ I can be written as a finite "linear combination" , namely 

k k 
I={^Q ! Aw ,: + ^/? J Adw 1 | a\p G □*(£)}. 

i=l i=l 

A Pfaffian system I on a manifold £ is an EDS finitely generated by 1-forms {aj 1 ,^ 2 , . . . w fc } 
only. 

For an EDS X on a manifold £, a decomposable differential A;- form (up to scale) is called the 
independence condition if f2 does not vanish modulo X on £. 

We denote by (X, fl) a pair of an EDS and an independence condition on a manifold E. 

A submanifold / : M — > £ is called an integral submanifold (or solution) of the EDS (X, f2) if 

/*(0 a ) = 0, X, 
/*(J2)^0. 

Remark also that f*(0) = imply f*{dO) = 0. 
There is a notion of infinitesimal solution also. A /c-dimensional subspace E C T X T, is called an 
integral element of (X, f2) if 

0f B =0, 9 a G X, 

Usually one regards £" as an element of the Grassmannian G^T^E) of fc-planes through the 
origin of the vector space T^E. The space of fc-dimensional integral elements of (X, 0) is usually 
denoted by Vfc(X, fl). 

Roughly speaking, a differential system will be called integrable if one can determine its integral 
manifolds of a prescribed dimension passing through each point. In the case of a Pfaffian system 
with the maximum degree independence condition, its integrability is guaranteed by Frobenius 
theorem. However, in the case when the independence condition is not the maximum degree, 
then one has to use more powerfull tools as the Cartan-Kahler Theorem. 

Let (I, J) be a pair of a collection of 1-forms I = {6 1 , 9 2 , . . . , 6 s } and J = {to 1 , to 2 , ■ ■ ■ , u k } which 
are linearly independent modulo I. 

Remark that (J, J) induces an EDS (X, Q) by a Pfaffian system X generated by / and the 
independence condition $7 = oj 1 A oj 2 A . . . A oj k . 
The pair (J, J) is called a linear Pfaffian system if 

d9 a = mod J, 

for all 6 a in I. 

If (J, J) is a linear Pfaffian system, let us denote by tt 6 , e = 1,2, ... , dimS — s — k such that 
T*£ is locally spanned by O a ,uj l ,ir e . The coframing 9 a ,uj l ,ir e is called adapted to the filtration 
I C J C T*S. It follows immediately that there must locally exist some functions and T?- 
on E such that 

(10.1) dO a = A a ei TT e f\J + T%J A J mod /. 

The terms T^-u 1 A uj 3 in (|10.ip are called apparent torsion. Apparent torsion must be normal- 
ized before prolonging the system. Namely, one have to choose, if possible, some new one forms 
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7f e such that = 0, with respect to the new coframe 9 a ,oj i ,jt e on E. In this case one says that 
the apparent torsion is absorbable. 

If this is not possible, then one says that there is torsion and in this case the system admits no 
integral elements. 

Remark that the functions and T-j depend on the choices of the bases for / and J. However, 
one can construct invariants from these functions. Indeed, for a fixed generic point x G E, the 
tableau of (I, J) at x is defined as £ such that 

A x := {A a ei w a (S)v i : 1 < e < dim S - dim J x } C W ® V*, 

where y* := (J/I) x , W* = I x , w a = 9 X , v 3 = lo x . A standard argument of linear algebra shows 
that A x is independent of any choices. 

We fix a point x G S and denote the tableau Aj, simply with A G Wf&y*. The tableau A depends 

si(6) = no. of independent entries in the 

. . , , i 9 „, rTI . „ , „ sAb) + S2W) = no. of independent entries in the 

on the basis = (f , v , . . . , v ) of W . Une defines 

+ • • • + s n (b) = no. of independent entries in A. 
Equivalently, one can see that the characters si(b), S2(b), . . . , s n (b) of the tableau A do not 
depend actually on the choice of the basis b of W, but only on the flag of subspaces 

F: (0) = F n C C . . .F x C F = V*. 

This allows us to rewrite Sk(b) as Sk(F). By defining 

A k (F) = (W®F k )nA, 

it follows that 

dim A k (F) = s k+1 (F) + ...s n (F). 

One can easily see that A k (F) is the subspace of matrices in A for which the first k columns are 
zero with respect to the basis b for V . 

One defines next the reduced characters of the tableau A as 
s\ = max{si(F) : all flags} 
S2 = max{si(F) : flags with si(F) = s±} 

s n = max{s n (F) : flags with si(F) = s 1} . . . , s„_i(F) = s n _i}. 

These scalars are invariants of the tableau A, i.e. they are independent of any choice of 
bases of V or W. 

It can be shown that the reduced characters must satisfy the inequality: 
(10.2) dim A {1) < Sl + 2s 2 + --- + ns n , 

where A^ 1 ' is the first prolongation of A, namely 

A« := (A V*) n (W ® S 2 V*), 
and S 2 V* is the space of symmetric 2-tensors of V*. 

We reach in this way to one of the most important notion in the theory of exterior differential 
systems. The tableau A G W ® V* is called involutive if equality holds in (|1U,2|) . i.e. we have 

dim^l (1) = si + 2s 2 H h ns n . 
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This condition is also called Cartan test for involutivity. 

If A is involutive such that s/ 7^ and s; + i = 0, then s; is called the character of the system 
and the integer I is called the Cartan integer of the system. 

We can give now the main tool used in this paper, the Cartan-Kahler Theorem for Linear 
Pfaffian systems. Even though the theorem can be formulated in general for arbitrary exterior 
differential systems (see |Br et al 1991] . [IL2003J), the version for Linear Pfaffian systems will 
suffice for our purposes in the present paper. 

Theorem A.l. The Cartan Kahler Theorem for Linear Pfaffian systems 

Let (I, J) be an analytic linear Pfaffian system on a manifold S, let x € £ be a point and 
let U C X be a neighborhood containing x, such that for all y G U, 

1. The apparent torsion is absorbable at y, and 

2. the tableau A y is involutive. 

Then solving a series of well-posed Cauchy problems yields analytic integral manifolds of (I, J) 
passing through x. 

Informally, one says that the solutions depend (in Cartan-Kahler sense) on si functions of I 
variables, where si is the character of the system (see [IL2003J, p. 176 for the precise statement 
of the Theorem and other details). A linear Pfaffian system satisfying the conditions (1), and 
(2) in the Cartan-Kahler Theorem for linear Pfaffian systems is said to be involutive. 
Recall that if an EDS is not a linear Pfaffian system, then by prolongation one can linearize it 
and then study its involutivity by Cartan-Kahler Theorem for linear Pfaffian systems. 
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